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Abstract 
We investigate the effect of a rough surface on the normal-superconducting phase transition in d-wave superconducting films on the 
basis of the quasiclassical theory of superconductivity with a boundary condition that allows us to treat the surface scattering from 
the specular limit to the diffusive limit. When the surfaces are specular, the film can exhibit a novel superconductivity that breaks 
continuous translational symmetry along the surface as well as time reversal symmetry. When the surfaces are rough, this 
superconducting phase is suppressed by diffusive surface scattering.  
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1. Introduction 
In unconventional superconductor films, the pairing state is known to be qualitatively different from the bulk state. 
Quasiparticle scattering at the surface gives rise to substantial pair breaking [1] and simultaneously yields surface 
Andreev bound states [2]. These Andreev bound states are accompanied by odd-frequency Cooper pairs [3].  
Recently, Vorontsov found that a novel broken time-reversal (BTR) state is supported in d-wave superconducting 
films [4]. This BTR superconducting state is characterized by a spatially oscillating gap function that generates a 
spontaneous current along the surface. The Andreev bound states cause the currents near the surfaces and in the middle 
region of the film to flow in the opposite direction to each other [5]. As a result, the total current vanishes and the 
current carrying state can be the ground state.  
In his theory, the film surfaces are assumed to be specular. Actual surfaces of films cannot, however, be free from 
atomic-scale irregularity. This surface disorder is sufficient to diffusively scatter quasiparticles at the Fermi level. 
Diffuse scattering is known to significantly modify both the spatial profile of the d-wave gap function and the surface 
density of states [6]. In the present work, we address the rough surface effect on the normal-superconducting phase 
transition in d-wave superconducting films. 
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Fig. 1. Geometry for the superconducting film considered in our calculation. 
 
2. Model and method 
We consider a two-dimensional d-wave superconductor with parallel surfaces at y = ±L / 2 (Fig. 1). The direction 
parallel to the surfaces is the x axis. We apply the quasiclassical theory of superconductivity to the d-wave 
superconducting film. We linearize the quasiclassical equations with respect to the d-wave gap function to calculate the 
normal-superconducting phase boundary. The pair amplitude then obeys the linearized Eilenberger equation 
 
εn + 12 vF pˆ ⋅∇
⎛
⎝⎜
⎞
⎠⎟ f ( pˆ,εn ,r) = sgn(εn )Δ( pˆ,r) , 
where pˆ  is the unit vector specifying the direction of the Fermi momentum, εn is the Matsubara frequency, vF is the 
Fermi velocity, and Δ( pˆ,r)  is the gap function. Vorontsov proposed the d-wave gap function of the form [4] 
 
Δ( pˆ,r) = ζ pˆΔ(y)eiqx , 
where  
 
ζ pˆ = 2 2 pˆx pˆy = 2 sin2φ  
is a normalized basis function. The dxy symmetry of ζ pˆ implies that Andreev bound states are generated at the film 
surfaces [2]. The phase boundary is determined by solving the linearized gap equation. The gap equation is given by 
 
Δ(y)eiqx = vN(0)πβ
dφ
2π ζ pˆ f ( pˆ,εn ,r)∫εn <εc∑ , 
where vN(0) is the coupling constant, β = 1/ kBT is the inverse temperature, and εc is the cutoff energy for the Matsubara 
frequency sum. 
To account for the rough surface effect, we employ the random scattering matrix theory [6,7], which provides a 
boundary condition for the Eilenberger equation. The boundary condition can be parameterized by a specularity 
parameter S defined as the specular reflection probability of a quasiparticle in the normal state at the Fermi level. The 
specular surface corresponds to S = 1. The case of S = 0 describes the diffusive limit, where an incident quasiparticle is 
scattered randomly in any possible directions. In the intermediate scattering regime, 0 < S < 1, diffuse scattering occurs 
with probability 1 – S. In what follows, we show our numerical results for S = 0, 0.5, and 1. 
3. Results 
In Fig. 2(a), we plot the phase boundary between the normal state and the d-wave state with q = 0. The vertical axis 
is the reduced temperature T/TcB, where TcB is the transition temperature in the bulk d-wave superconductor. The 
horizontal axis is the film thickness L scaled by the coherence length ξ0 =  vF /2π kBTcB. In the calculations, the surfaces 
at y = ±L / 2  are assumed to have the same specularity. On the transition line, the normal state becomes unstable 
against the superconducting state. In other words, this line defines the critical thickness Lc(T) below which the normal 
state is stable. When S = 1, the transition line shows a reentrant behavior [4,8]. This behavior is suggestive of a new 
superconducting state near the transition line at low temperatures analogous to the Fulde-Ferrell-Larkin-Ovchinnikov 
(FFLO) state for bulk superconductors in a magnetic field. The critical thickness Lc(T) corresponds to the inverse of the 
critical magnetic field Hc2(T) in the case of the FFLO state [4]. In the case of superconducting films, the new 
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superconducting state will have a smaller Lc(T) than in the homogeneous (q = 0) state. The reentrant behavior for the d-
wave film is also present in the intermediate scattering regime with S = 0.5, but disappears for S = 0. 
Figure 2(b) shows the spatial dependence of Δ(y) / Δ(0)  on the q = 0 transition line at T/TcB = 0.1. When the 
surfaces are specular, Δ(y) takes the form [4,8] 
 
Δ(y) = Δ(0)cos π
L
y
⎛
⎝⎜
⎞
⎠⎟ . 
In this case, complete destructive interference occurs between the incident and reflected states owing to the sign change 
of the dxy gap function at the Fermi surface. As a result, Δ(y)  is completely suppressed at a specular surface. When the 
surfaces are rough, the interference is no longer perfect and Δ(y)  takes a finite value at the surfaces. Because of this 
weaker pair breaking, the normal-superconducting transition takes place at a smaller L for smaller S. 
 
 
 
Fig. 2. (a) Phase boundary between the normal state (N) and the d-wave superconducting state (SC) with q = 0; (b) Spatial dependence of the d-wave 
gap function on the q = 0 phase boundary at T/TcB = 0.1. 
In Fig. 3, we show the transition line between the normal state and the BTR state with qξ0 = 0.4. The corresponding 
results for q = 0 are shown by the thin solid lines. When S = 1 and 0.5, the lines for qξ0 = 0 and 0.4 cross at a low 
temperature. Below this temperature the BTR state has smaller Lc(T) than the q = 0 state. This demonstrates that the 
transition to the BTR state is possible at low temperatures in the specular case and in the intermediate scattering regime. 
However, when S = 0, the critical thickness Lc(T) for the BTR state is larger at any temperature than that for the q = 0 
state. This suggests that the BTR state is impossible in the diffusive limit. To verify this point, we calculated the q 
dependence of Lc(T) at T = 0.01TcB and found that the minimum of Lc(T) for S = 0 occurs at q = 0.  
 
 
 
Fig. 3. Phase boundary between the normal state and the d-wave state with qξ0 = 0.4 (thick solid lines). The thin solid lines are the q = 0 results. 
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4. Conclusion 
We have discussed the rough surface effect on the instability of the normal state against the BTR state in d-wave 
superconducting films and shown that the BTR phase is suppressed by diffusive scattering at the film surfaces. The 
instability to the BTR state can be understood qualitatively from the generation of odd-frequency Cooper pairs at the 
surface. As has been shown recently (see, e.g., Refs. [9, 10]), the surface odd-frequency pairs yield a “negative 
superfluid density”. Therefore, in thin films it is possible that the total superfluid density becomes negative. Such a state 
is unstable and an inhomogeneous (q ≠ 0) superconducting state arises as the stable lowest energy state. Since the odd-
frequency pairs in spin-singlet d-wave superconductors are in odd-parity states, the odd-frequency pair amplitude is 
suppressed by diffuse surface scattering and consequently the BTR phase is also suppressed. In this work, we focus 
mainly on the rough surface effect in the diffusive limit. Details on the specularity dependence of the phase transition 
shall be reported elsewhere. 
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